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Problem setting

Consider a star graph Γθ ⊂ R2 with two branches

and the quadratic form

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ, D(hθ) = H1(R2 \ Γθ).

The self-adjoint operator Hθ associated with hθ is called a Schrödinger operator with
a δ′-interaction supported on Γθ.

Informally, this operator can be viewed as

Hθu = −∆u

∂ν+u+ = −∂ν−u− on Γθ

∂ν+
u+ = u+ − u− on Γθ

where ∂ν± is the outward normal derivative.
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Tools

• Variational eigenvalues and Min-Max principle:

Λj(Hθ) := inf
V⊂H1(R2\Γθ)

dimV=j

sup
u∈V
u̸=0

hθ[u]

∥u∥2L2(R2\Γθ)

• Comparison with other Operators:

Robin Schrödinger with δ-interaction Schrödinger with δ′-interaction
Quadr. Form rθ,α[u] =

∫
Ω+

|∇u|2 dx− α
∫
Γθ

|u|2 dσ dθ,α[u] =
∫
R2 |∇u|2 dx− α

∫
Γθ

|u|2dσ hθ,α[u] =
∫
R2\Γθ

|∇u|2 dx− α
∫
Γθ

|u+ − u−|2 dσ
Form domain D(rθ,α) = H1(Ω+) D(dθ,α) = H1(R2) D(hθ,α) = H1(R2 \ Γθ)

Operator Rθ,αu = −∆u Dθ,αu = −∆u Hθ,αu = −∆u

Bdry. conditions αu = ∂ν+u αu+ = ∂ν−u− + ∂ν+u+ α∂ν+u+ = u+ − u−, ∂ν+u+ = −∂ν−u−

Essential spectrum [−α2,∞) [− 1
4α

2,∞) [−4α2,∞)
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Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.



Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.



Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.



Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.



Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.



Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.



Essential spectrum + Sketch of proof

specessHθ = [−4,∞)

”⊂”: Use |u+ − u−|2 ≤ 2(|u+|2 + |u−|2) to estimate

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ

≥
∫
Ω+

|∇u+|2dx− 2

∫
Γθ

|u+|2dσ +

∫
Ω−

|∇u−|2dx− 2

∫
Γθ

|u−|2dσ = rθ,2[u+] + rπ−θ,2[u−]

The RHS is the sum of two Robin-Laplacians Rθ,2 and Rπ−θ,2.

specessRφ,α = [−α2,∞) (Khalile & Pankrashkin ’2018)

”⊃”: fn(x, y) := ψ1(y)e
ikxχn(x)χ̃n(y) is a Weyl sequence for k2 − 4.

(n,-an)

(2n,an)



Cardinality of the discrete spectrum + Sketch of proof

| specdiscHθ| <∞

Proofsketch:

• Λj(Hθ) ≥ Λj(Rθ,2 ⊕Rπ−θ,2)

• specessHθ = specessRθ,2 ⊕Rπ−θ,2 = [−4,∞)

• | specdiscRθ,2| <∞ and specdiscRπ−θ,2 = ∅ (Khalile & Pankrashkin ’2018)

• | specdiscHθ| <∞
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Cardinality of the discrete spectrum II + Sketch of proof

specdiscHθ ̸= ∅ ⇐⇒ θ ̸= π

2
Proofsketch: ”⇐”

• Dθ,α has a discrete eigenvalue with eigenfunction ũ ∈ H1(R2). (Exner & Ichinose
’2001)

• specessHθ = [−4,∞) = specessDθ,4 (Exner & Ichinose ’2001)
• For u := (1Ω+

− 1Ω−)ũ ∈ H1(R2 \ Γθ) we have

hθ[u] =

∫
R2\Γθ

|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ =

∫
R2

|∇ũ|2dx−
∫
Γθ

|ũ+ + ũ−|2dσ

=

∫
R2

|∇ũ|2dx− 4

∫
Γθ

|ũ|2dσ = dθ,4[ũ] < −4∥ũ∥2L2(R2) = −4∥u∥2L2(R2\Γθ)

• | specdiscHθ| ≥ 1

”⇒” separation of variables
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|ũ+ + ũ−|2dσ

=

∫
R2
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|∇u|2dx−
∫
Γθ

|u+ − u−|2dσ =

∫
R2

|∇ũ|2dx−
∫
Γθ

|ũ+ + ũ−|2dσ
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∫
R2

|∇ũ|2dx− 4

∫
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|ũ|2dσ = dθ,4[ũ] < −4∥ũ∥2L2(R2) = −4∥u∥2L2(R2\Γθ)

• | specdiscHθ| ≥ 1

”⇒” separation of variables



Small angle asymptotics

Question: How do the eigenvalues of Hθ behave as θ → 0?

Λj(Hθ) = − 1

(2j − 1)2θ2
+O(θ−1)

Proofsketch:

Λj(Hθ) = inf
V⊂H1(R2\Γθ)

dimV=j

sup
u∈V
u ̸=0

∫
R2\Γθ

|∇u|2 dx−
∫
Γθ

|u+ − u−|2 dσ
∥u∥2L2(R2\Γθ)

≤ inf
V⊂H1(Ω+)⊕{0}

dimV=j

sup
u+⊕0∈V
u+ ̸=0

∫
Ω+

|∇u+|2 dx−
∫
Γθ

|u+|2 dσ
∥u+∥2L2(Ω+)

= Λj(Rθ,1)

Λj(Rθ,1) = − 1

(2j − 1)2θ2
+O(1) (Khalile & Pankrashkin ’2018)
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Small angle asymptotics II

Use |u+ − u−|2 ≤ (1 + ε)|u+|2 + (1 + 1/ε)|u−|2 to estimate:

Λj(Hθ) ≥ Λj(Rθ,1+cjθ ⊕Rπ−θ,1+ 1
cjθ

) = min{Λj(Rθ,1+cjθ), inf specessRπ−θ,1+ 1
cjθ

}

= min{(1 + cjθ)
2Λj(Rθ,1),−(1 + 1

cjθ
)2}

= min{(1 + cjθ)
2(− 1

(2j−1)2θ2 +O(1)),−(1 + 1
cjθ

)2}

= − 1
(2j−1)2θ2 +O(θ−1)

⇒ Λj(Hθ) = − 1
(2j−1)2θ2 +O(θ−1)
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Thank you for your attention!


