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The self-adjoint operator H, associated with hy is called a Schrédinger operator with
a ¢’-interaction supported on T'y.

Informally, this operator can be viewed as

H@U =—Au
3,,+u+ =—-0, u_ onTy
3y+u+ =Uy+ —U- on Fe

where 0, is the outward normal derivative.
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SpecCe.s Hy = [—4,00)

" Use |uy —u_|? < 2(Juyl?® + [u_|?) to estimate
holu] = / |Vu|?dz — luy —u_|*do
R2\T To
> / |V, |2de — 2/ luy|>do —|—/ |Vu_ |2dz — 2/ lu_|*do = rea[us] + Ta_gafu_]
Q4 Ty Q_ Ty

The RHS is the sum of two Robin-Laplacians Ry > and R._g .

SpeCoys Ry o = [~a?,00) (Khalile & Pankrashkin '2018) | f----- -~ .

"D falm,y) i= Y1(y) e xn (2)Xn () is @ Weyl sequence for k? — 4.
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Cardinality of the discrete spectrum Il + Sketch of proof

specqise Ho # 0 = 07 5
Proofsketch: "<

e Dy, has a discrete eigenvalue with eigenfunction v € H'(R?).  (Exner & Ichinose
'2001)



Cardinality of the discrete spectrum Il + Sketch of proof

specqise Ho # 0 = 07 5
Proofsketch: "<

e Dy, has a discrete eigenvalue with eigenfunction v € H'(R?).  (Exner & Ichinose
'2001)
e spec., Hyp = [—4,00) = specyes Do.a  (Exner & Ichinose '2001)



Cardinality of the discrete spectrum Il + Sketch of proof

specqise Ho # 0 = 07 5
Proofsketch: ”<"
e Dy, has a discrete eigenvalue with eigenfunction v € H'(R?).  (Exner & Ichinose
'2001)

e spec., Hyp = [—4,00) = specyes Do.a  (Exner & Ichinose '2001)
e Foru:= (1Q+ = 1Q_)ﬂ € Hl(R2 \F(.))



Cardinality of the discrete spectrum Il + Sketch of proof

specqise Ho # 0 = 07 5
Proofsketch: ”<"
e Dy, has a discrete eigenvalue with eigenfunction v € H'(R?).  (Exner & Ichinose
'2001)

e spec., Hyp = [—4,00) = specyes Do.a  (Exner & Ichinose '2001)
e Foru:=(lg, —1o_)u e H'(R?\Ty) we have

hg[u]:/ |Vu|2d:v—/ |u+—u_|2do:/ |vm2dx—/ iy + 3 [2do
]R2\Fg Fg ]R2 Fé)



Cardinality of the discrete spectrum Il + Sketch of proof

specqise Ho # 0 = 07 5
Proofsketch: "<

e Dy, has a discrete eigenvalue with eigenfunction v € H'(R?).  (Exner & Ichinose
'2001)

e spec., Hyp = [—4,00) = specyes Do.a  (Exner & Ichinose '2001)
e Foru:=(lg, —1o_)u e H'(R?\Ty) we have

hg[u]:/ |Vu|2dx—/ |u+—u_|2do:/ |va\2dx—/ iy + 3 [2do
R2\T Ty R2 Ty

= [ VaPdz—4 [ fido = doalid < ~AllEaen) = ~Alulenn,)
7]



Cardinality of the discrete spectrum Il + Sketch of proof

specqise Ho # 0 = 07 5
Proofsketch: "<

e Dy, has a discrete eigenvalue with eigenfunction v € H'(R?).  (Exner & Ichinose
'2001)

e spec., Hyp = [—4,00) = specyes Do.a  (Exner & Ichinose '2001)

e Foru:=(lg, —1o_)u e H'(R?\Ty) we have

hg[u]:/ |Vu|2dx—/ |u+—u_|2do:/ |va\2dx—/ iy + 3 [2do
R2\T Ty R2 Ty

= [ VaPdz—4 [ fido = doalid < ~AllEaen) = ~Alulenn,)
7]

> |Specdisc H9| Z 1

"=" separation of variables
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Small angle asymptotics

Question: How do the eigenvalues of Hy behave as 6 — 0?

1
Aj(Hg) = — o~
J( 0) (2 — 1)262 o( )
Proofsketch:
|Vul?dz — luy —u_|?do
A;(Hyp) = inf sup fRz\Fe 5 Jr,
g e
. [VusPdz — [ [ugl* do
< inf sup jQ* 5 ]F(’ =Aj(Ro,1)
VCH(24)®{0} ui@®0eV lutllZza,
dim V=j w4 #0
1 . .
Aj(Rgp) = — +O(1) (Khalile & Pankrashkin '2018)

2j — 170



Small angle asymptotics Il

Use [uy —u_|> < (1 +¢)|usl®+ (14 1/¢)|u_|? to estimate:



Small angle asymptotics Il

Use [uy —u_|> < (1 +¢)|usl®+ (14 1/¢)|u_|? to estimate:

Aj(Hg) = Aj(Ro14c;0 B Ry_g 1 1) = min{A;(Ro,14c,0), infspecegs Ry g1 1}



Small angle asymptotics Il

Use [uy —u_|> < (1 +¢)|usl®+ (14 1/¢)|u_|? to estimate:
Aj(Hg) = Aj(Ro14c;0 B Ry_g 1 1) = min{A;(Ro,14c,0), infspecegs Ry g1 1}

= min{(1 + ¢;0)*A;(Rg 1), —(1 + (%0)2}



Small angle asymptotics Il

Use [uy —u_|> < (1 +¢)|usl®+ (14 1/¢)|u_|? to estimate:
AJ (H(')) > Aj(RG,l-‘,-CjQ ) Rﬂ_9,1+$) - min{Aj(R9,1+(:j9)7inf SPECegsy Rﬂ_9,1+(§7}
= min{(1 4 ¢;0)?A;(Rg1), —(1 + (%0)2}

= min{(1 + ¢;0)*(~ gr=hyzgz + O(1)), (1 + ;5)%}



Small angle asymptotics Il

Use [uy —u_|> < (1 +¢)|usl®+ (14 1/¢)|u_|? to estimate:
AJ (H(')) > Aj(RG,l-‘,-CjQ ) Rﬂ_9,1+$) - min{Aj(R9,1+(:j9)7inf SPECegsy Rﬂ_9,1+(§7}
= min{(1 4 ¢;0)?A;(Rg1), —(1 + (%0)2}

= min{(1 + ¢;0)*(—gz=hyzgr + O(1), (1 + 5)%}
= — = TO0007)



Small angle asymptotics Il

Use Jur —u_|?> < (1+¢)|uy|> + (14 1/¢)|u_|? to estimate:

Aj(Hg) > Aj(Ro,14¢,0 @ Ry, 1+L) = min{A;(Ro,14c,0), Inf speceg RW—‘)al‘*‘cjﬁ}
= min{(1 +¢;0)*A;(Ro,1), —(1 + 75)%}

= min{(1 + ¢;0)*(~ r=hyzz + O(1)), —(1 + 25)?}

= _W +0(071h)

= A;j(Hp) = @G- 1)292 +0(07)



Thank you for your attention!



